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Which Volatility Model for Option Valuation?*
Peter Christoffersen† and Kris Jacobs‡
Résumé / Abstract
Caractériser les dynamiques des rendements d’actifs à l’aide de modèles de
volatilité est un champ important de la finance empirique. La littérature dans ce
domaine privilégie des spécifications de volatilité plutôt complexes dont la
performance relative est généralement estimée par leur vraisemblance à partir de séries
chronologiques de rendements d’actifs. Cet article compare plusieurs modèles de
volatilité selon un critère différent, utilisant les rendements et prix d’options dans une
mesure neutre au risque et de probabilité physique. Nous estimons la performance
relative des différents modèles en évaluant la fonction objective basée sur les prix
d’options. Contrairement à l’inférence basée sur les rendements, nous trouvons que
notre fonction objective basée sur les options favorise un modèle relativement
parcimonieux. En particulier, lorsqu’elle est évaluée hors-échantillon, notre analyse
favorise un modèle qui, outre le groupement de volatilités, ne permet qu’un effet de
levier standard. Cette analyse empirique fait partie d’une littérature en plein essor qui
suggère que l’évaluation des prix d’options en temps discret, lorsque la volatilité varie
dans le temps, est pratique et riche en enseignements.
Characterizing asset return dynamics using volatility models is an important
part of empirical finance. The existing literature favors some rather complex volatility
specifications whose relative performance is usually assessed through their likelihood
based on a time-series of asset returns. This paper compares a range of volatility
models along a different dimension, using option prices and returns under the risk-
neutral as well as the physical probability measure. We judge the relative
performance of various models by evaluating an objective function based on option
prices. In contrast with returns-based inference, we find that our option-based
objective function favors a relatively parsimonious model. Specifically, when
evaluated out-of-sample, our analysis favors a model that besides volatility clustering
only allows for a standard leverage effect. This empirical analysis is part of a growing
literature suggesting that discrete-time option pricing with time-varying volatility is
practical and insightful.
Mots-clés : évaluation d’options, GARCH, fixation des prix neutre au risque,
prévision, parcimonie, hors-échantillon
Keywords: option pricing, GARCH, risk-neutral pricing, parsimony, forecasting, out-
of-sample
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Ehq}rql +4<<;,/ Fkhuqry dqg Jk|vhov +5333,/ Hudnhu +5333,/ Khvwrq dqg Qdqgl +5333, dqg Qdqgl +4<<;,1
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49Wkhvh uhvxowv duh vrphzkdw glhuhqw iurp h{lvwlqj rqhv lq wkh olwhudwxuh1 Dplq dqg Qj +4<<6, shuirup
d vlplodu dqdo|vlv xvlqj gdwd rq vlqjoh vwrfn rswlrqv dqg uhsruw pxfk vpdoohu rswlrq ydoxdwlrq huuruv1 Kdugoh
dqg Kdiqhu +5333, hvwlpdwh prgho sdudphwhuv xqghu wkh remhfwlyh glvwulexwlrq exw xvh uhodwlyh ydoxdwlrq
huuruv1 Eroohuvohy dqg Plnnhovhq +4<<9, dqdo|}h ohdsv1 Wkhlu uhvxowv duh wkhuhiruh glfxow wr frpsduh wr wkh
rqhv lq wklv sdshu1
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DTM < 60 60<DTM<180 180 < DTM Total DTM<60 60<DTM<180 180<DTM Total
S/X < .94 164 641 515 1 320 S/X < .94 49 222 173 444
.94 < S/X < .97 436 413 207 1 056 .94 < S/X < .97 170 201 104 475
.97 < S/X < 1.00 558 400 202 1 160 .97 < S/X < 1.00 233 193 82 508
1.00 < S/X < 1.03 523 357 172 1 052 1.00 < S/X < 1.03 214 187 97 498
1.03 < S/X < 1.06 474 312 137 923 1.03 < S/X < 1.06 199 160 63 422
1.06 < S/X 1015 985 570 2 570 1.06 < S/X 346 332 179 857
Total 3 170 3 108 1 803 8 081 Total 1 211 1 295 698 3 204
DTM < 60 60<DTM<180 180 < DTM All DTM<60 60<DTM<180 180<DTM All
S/X < .94 1,52 5,05 10,20 6,62 S/X < .94 0,82 3,36 9,40 5,43
.94 < S/X < .97 2,63 9,69 18,93 8,59 .94 < S/X < .97 1,81 7,80 17,80 7,85
.97 < S/X < 1.00 5,35 14,97 24,93 12,08 .97 < S/X < 1.00 4,86 13,50 24,00 11,23
1.00 < S/X < 1.03 11,14 21,38 31,84 18,00 1.00 < S/X < 1.03 11,80 20,90 31,90 19,13
1.03 < S/X < 1.06 18,58 28,35 37,01 24,62 1.03 < S/X < 1.06 20,60 29,00 40,20 26,71
1.06 < S/X 40,35 50,39 62,65 49,14 1.06 < S/X 40,00 48,30 60,30 47,46
All 18,92 25,53 33,53 24,72 All 18,12 22,78 31,33 22,88
DTM < 60 60<DTM<180 180 < DTM All DTM<60 60<DTM<180 180<DTM All
S/X < .94 0,1786 0,1706 0,1668 0,1701 S/X < .94 0,1339 0,1377 0,1506 0,1423
.94 < S/X < .97 0,1652 0,1719 0,1765 0,1700 .94 < S/X < .97 0,1346 0,1461 0,1607 0,1452
.97 < S/X < 1.00 0,1712 0,1821 0,1858 0,1775 .97 < S/X < 1.00 0,1445 0,1566 0,1722 0,1536
1.00 < S/X < 1.03 0,1901 0,1941 0,1976 0,1927 1.00 < S/X < 1.03 0,1626 0,1704 0,1781 0,1685
1.03 < S/X < 1.06 0,2172 0,2047 0,1942 0,2096 1.03 < S/X < 1.06 0,1847 0,1824 0,1896 0,1846
1.06 < S/X 0,3131 0,2363 0,2179 0,2626 1.06 < S/X 0,2574 0,2104 0,2037 0,2280
All 0,2262 0,1992 0,1912 0,2080 All 0,1847 0,1707 0,1756 0,1771
Sample A
Sample A
Table III: Average Implied Volatility Across Moneyness and Maturity
Sample B
Sample B
Table I: Number of Contracts Across Moneyness and Maturity
Sample A Sample B
Table II: Average Quoted Price Across Moneyness and Maturity
Notes: We report various descriptive statistics on our two subsamples of options. Sample A denotes June 1, 1988 - May 31, 1991, and Sample B denotes 
June 1, 1991 - May 31, 1992. Each statistic is reported for three maturity bins and six moneyness bins. 
Simple Leverage News Power Power&News Box-Cox
r 1,37E-04 1,37E-04 1,37E-04 1,37E-04 1,37E-04 1,37E-04
l 0,0452 0,0455 0,0465 0,0456 0,0464
0,0185 0,0185 0,0186 0,0185 0,0186
b0 1,84E-06 2,24E-06 2,30E-06 2,05E-06 1,98E-06 8,42E-06
2,27E-07 1,82E-07 1,85E-07 1,92E-07 1,85E-07 5,44E-06
b1 0,8873 0,8524 0,8601 0,8397 0,8531 0,8615
0,0054 0,0052 0,0101 0,0107 0,0126 0,0050
b2 0,0984 0,0867 0,0771 0,1217 0,1881 0,0990
0,0026 0,0053 0,0102 0,0186 0,0260 0,0084
q 0,7061 0,5605 0,6328 -0,1056 0,6381







Persistence* 0,9857 0,9823 0,9821 0,9877 0,9931 0,9810
Annual Std. Dev. 0,1799 0,1786 0,1796 0,2049 0,2696 0,1681
LogLikelihood 10590,3 10639,0 10639,6 10640,8 10651,3 10639,7
LR P-Value (Simple) 0,0000 0,0000 0,0000 0,0000 0,0000
LR P-Value (Leverage) 0,2690 0,0561 0,0000 0,2319
Table IV: Maximum Likelihood Estimates of Physical Processes
Notes: We estimate the six GARCH models using Maximum Likelihood on daily S&P500 returns from 
June 1, 1987 through December 31, 1999 for a total of 3,182 observations. Standard errors from White 
(1982) appear below each estimate. The persistence and the annualized standard deviation implied by 
each model is reported at the bottom of the table. *) For the Box-Cox model persistence refers to the 
power of volatility rather than volatility itself. The LR P-values refer to Likelihood ratio tests of the 
null hypothesis that a particular model fits the return data no better than the Simple GARCH model or 
the Leverage GARCH model respectively. 
Sample A Simple Leverage News Power Power&News Box-Cox
$MSE 3,7623 4,9827 4,7751 8,7663 19,7077 6,6071
$RMSE 1,9397 2,2322 2,1852 2,9608 4,4393 2,5704
Sample B Simple Leverage News Power Power&News Box-Cox
$MSE 5,6770 9,0601 8,6060 16,0743 32,9882 12,3743
$RMSE 2,3827 3,0100 2,9336 4,0093 5,7435 3,5177
Table V: Fit of Option Prices from ML Estimates of Physical Processes
Notes: We transform the physical MLE estimates from Table IV into risk neutral parameters and 
calculate GARCH option prices for each contract in Sample A (June 1, 1988 - May 31, 1991; 8,081 
contracts) and in Sample B (June 1, 1991 - May 31, 1992; 3,204 contracts). Using the actual observed 
market price for each option, we then calculate $MSE and $RMSE for every model on both samples. 
Simple Leverage News Power Power&News Box-Cox
r 1,37E-04 1,37E-04 1,37E-04 1,37E-04 1,37E-04 1,37E-04
b0 4,89E-07 5,92E-07 5,79E-07 5,92E-07 5,66E-07 9,64E-07
1,75E-08 9,74E-09 9,63E-09 9,75E-09 9,82E-09 2,65E-07
b1 0,9699 0,8629 0,8666 0,8649 0,8253 0,8735
0,0007 0,0037 0,0041 0,0030 0,0038 0,0058
b2 0,0250 0,0133 0,0209 0,0291 0,1832 0,0163
0,0007 0,0003 0,0245 0,0023 0,0166 0,0017
q+l 2,9939 2,9190 2,3321 2,4186 2,7391







Persistence* 0,9950 0,9959 0,9962 0,9961 0,9962 0,9953
Annual Std. Dev. 0,1562 0,1912 0,1949 0,1950 0,1950 0,1688
$MSE 2,6028 1,0910 1,0836 1,0817 1,0214 1,0900
$RMSE 1,6133 1,0445 1,0410 1,0400 1,0106 1,0440
Table VI: NLS Estimates of Risk-Neutral Processes. Sample A
Notes: We estimate the risk-neutral dynamics for each GARCH model directly by fitting the observed 
option prices using a nonlinear least squares routine to minimize $MSE. Only options in Sample A 
(June 1, 1988 - May 31, 1991; 8,081 contracts) are used in estimation. Standard errors are reported 
below each parameter estimate. The bottom of the table reports the risk-neutral volatility persistence 
and the risk-neutral annualized standard deviation implied by the GARCH parameters. *) For the Box-
Cox model persistence refers to the power of volatility rather than volatility itself. We also report the 
$MSE and $RMSE at the parameter optima.  
Sample A Fit Simple Leverage News Power Power&News Box-Cox Black-Scholes PBS(OLS) PBS(NLS)
Sample $MSE 2,6028 1,0910 1,0836 1,0817 1,0214 1,0900 3,7351 3,6157 2,9307
Sample $RMSE 1,6133 1,0445 1,0410 1,0400 1,0106 1,0440 1,9326 1,9015 1,7119
Sample B Fit
Sample $MSE 2,4250 0,9777 0,9684 1,0197 1,1571 0,9825 4,0112 3,5982 1,4511
Sample $RMSE 1,5573 0,9888 0,9841 1,0098 1,0757 0,9912 2,0028 1,8969 1,2046
Sample B Simple Leverage News Power Power&News Box-Cox Black-Scholes PBS(OLS) PBS(NLS)
Mean Weekly $RMSE 1,5169 0,9032 0,9002 0,9278 1,0020 0,9062 1,9535 1,7662 1,1298
DM-Test Value 6,9936 -1,4427 1,5817 1,3143 1,2179 15,2805 6,3207 1,7858
P-Value (2-sided) 0,0000 0,1491 0,1137 0,1887 0,2233 0,0000 0,0000 0,0741
Table VII.A: Fit of Option Prices from NLS Risk-Neutral Estimates. 
Table VII.B: Comparing Weekly Predictive Accuracy with the Leverage Model
Notes: We compute the $MSE and $RMSE using the parameter estimates in Table VI on both Sample A and Sample B. The Sample A numbers 
for the six GARCH models are identical to those reported in Table VI. We also report Sample A fits for three other models: First, the standard 
Black-Scholes model with volatility estimated using nonlinear least squares minimizing $MSE. Second, the Practitioner Black-Scholes, 
PBS(OLS), from Dumas, Fleming and Whaley (1998), who regress implied volatility on a second order polynomial in strike price and time to 
maturity. Third, PBS(NLS) which estimates the PBS polynomial using nonlinear least squares to minimize $MSE. We keep all parameters 
constant across the 156 weeks in Sample A. We also report the out-of-sample fits for the nine models in Sample B, using the parameter estimates 
from Sample A. In Table VII.B we calculate the average of the weekly $RMSE across the 52 weeks in Sample B. Due to the concavity of the 
square-root function, the average weekly $RMSEs are lower than the Sample $RMSE calculated over all the 52 weeks. We use the weekly 
$RMSE sequences to test the significance of the difference in fits across models by applying the Diebold-Mariano (1995) test. The DM test is 
implemented allowing for autocorrelation of up to four weeks in the $RMSE difference sequence. We take the Leverage GARCH model to be the 
benchmark in the pairwise DM tests. The DM test has a standard normal distribution and we report the 2-sided P-values. 
DTM<60 60<DTM<180 180<DTM DTM<60 60<DTM<180 180<DTM
S/X < .94 0,9616 1,5246 2,2977 S/X < .94 0,6470 0,9089 1,3186
.94 < S/X < .97 0,9841 1,5720 2,0373 .94 < S/X < .97 0,7692 0,9915 1,3204
.97 < S/X < 1.00 0,9155 1,5963 1,9129 .97 < S/X < 1.00 0,8277 1,0415 1,3636
1.00 < S/X < 1.03 0,9991 1,8677 2,1563 1.00 < S/X < 1.03 0,8304 1,1628 1,3381
1.03 < S/X < 1.06 1,2191 2,1494 1,7587 1.03 < S/X < 1.06 0,8701 1,2720 1,2241
1.06 < S/X 1,0448 1,8351 2,1288 1.06 < S/X 0,8033 1,1245 1,3125
DTM<60 60<DTM<180 180<DTM DTM<60 60<DTM<180 180<DTM
S/X < .94 0,6531 0,9123 1,3120 S/X < .94 0,6281 0,8915 1,2989
.94 < S/X < .97 0,7705 0,9917 1,3126 .94 < S/X < .97 0,7477 0,9878 1,3223
.97 < S/X < 1.00 0,8236 1,0383 1,3575 .97 < S/X < 1.00 0,8174 1,0478 1,3682
1.00 < S/X < 1.03 0,8221 1,1579 1,3354 1.00 < S/X < 1.03 0,8329 1,1715 1,3419
1.03 < S/X < 1.06 0,8635 1,2674 1,2168 1.03 < S/X < 1.06 0,8784 1,2642 1,2481
1.06 < S/X 0,8004 1,1218 1,3093 1.06 < S/X 0,8076 1,1059 1,3169
DTM<60 60<DTM<180 180<DTM DTM<60 60<DTM<180 180<DTM
S/X < .94 0,6322 0,9033 1,2228 S/X < .94 0,6446 0,9095 1,3184
.94 < S/X < .97 0,7377 1,0099 1,2986 .94 < S/X < .97 0,7659 0,9951 1,3193
.97 < S/X < 1.00 0,7993 1,0601 1,3427 .97 < S/X < 1.00 0,8254 1,0441 1,3629
1.00 < S/X < 1.03 0,7839 1,1573 1,3421 1.00 < S/X < 1.03 0,8303 1,1648 1,3343
1.03 < S/X < 1.06 0,8193 1,1995 1,2692 1.03 < S/X < 1.06 0,8723 1,2716 1,2233
1.06 < S/X 0,7640 1,0129 1,3344 1.06 < S/X 0,8052 1,1233 1,3086
Table VIII.A: $RMSE on Sample A from NLS Estimates on Sample A. By Moneyness and Maturity
Simple Model Leverage Model
News&Power Model Box-Cox Model
News Model Power Model
Notes: We report $RMSE from various GARCH options valuation models on Sample A, which denotes June 1, 1988 - May 31, 
1991. The $RMSE is reported for three maturity bins and six moneyness bins. The parameters in the GARCH option valuation 
models are estimated minimizing $MSE on Sample A itself. 
DTM<60 60<DTM<180 180<DTM DTM<60 60<DTM<180 180<DTM
S/X < .94 0,9970 1,9700 2,7700 S/X < .94 0,5350 0,9330 1,4000
.94 < S/X < .97 1,1400 1,8800 1,8100 .94 < S/X < .97 0,7840 1,1300 1,3700
.97 < S/X < 1.00 0,9930 1,3800 1,1200 .97 < S/X < 1.00 0,8880 1,1900 1,2000
1.00 < S/X < 1.03 0,5710 1,1200 1,3600 1.00 < S/X < 1.03 0,7390 0,9870 1,0200
1.03 < S/X < 1.06 0,7550 1,4200 1,9200 1.03 < S/X < 1.06 0,6400 0,9710 0,9520
1.06 < S/X 0,9460 1,8200 2,3700 1.06 < S/X 0,8010 1,1000 0,8880
DTM<60 60<DTM<180 180<DTM DTM<60 60<DTM<180 180<DTM
S/X < .94 0,5458 0,9376 1,3806 S/X < .94 0,5498 0,9624 1,4468
.94 < S/X < .97 0,7941 1,1359 1,3354 .94 < S/X < .97 0,8083 1,1729 1,4406
.97 < S/X < 1.00 0,8978 1,1883 1,1797 .97 < S/X < 1.00 0,9241 1,2323 1,2659
1.00 < S/X < 1.03 0,7395 0,9830 0,9948 1.00 < S/X < 1.03 0,7595 1,0090 1,1040
1.03 < S/X < 1.06 0,6353 0,9657 0,9389 1.03 < S/X < 1.06 0,6327 0,9609 1,0110
1.06 < S/X 0,7979 1,0971 0,8786 1.06 < S/X 0,7849 1,0523 0,9251
DTM<60 60<DTM<180 180<DTM DTM<60 60<DTM<180 180<DTM
S/X < .94 0,6792 1,0682 1,3759 S/X < .94 0,5411 0,9414 1,4098
.94 < S/X < .97 0,9694 1,3163 1,4072 .94 < S/X < .97 0,7894 1,1407 1,3742
.97 < S/X < 1.00 1,1400 1,3925 1,3475 .97 < S/X < 1.00 0,8941 1,1947 1,2105
1.00 < S/X < 1.03 0,9278 1,1518 1,1585 1.00 < S/X < 1.03 0,7396 0,9868 1,0272
1.03 < S/X < 1.06 0,6577 1,0184 1,1197 1.03 < S/X < 1.06 0,6373 0,9654 0,9583
1.06 < S/X 0,7260 0,9629 1,0038 1.06 < S/X 0,7984 1,0921 0,8886
News&Power Model Box-Cox Model
Table VIII.B: $RMSE on Sample B from NLS Estimates on Sample A. By Moneyness and Maturity
Simple Model Leverage Model
News Model Power Model
Notes: We report $RMSE from various GARCH options valuation models on Sample B, which denotes June 1, 1991 - May 31, 
1992. The $RMSE is reported for three maturity bins and six moneyness bins. The parameters in the GARCH option valuation 
models are estimated minimizing $MSE on Sample A, which denotes June 1, 1988 - May 31, 1991. 
Simple Leverage News Power Power&News Box-Cox Black-Scholes PBS(OLS) PBS(NLS)
Sample $RMSE 1,4639 0,4223 0,3963 0,3882 0,3802 0,4197 1,4859 0,9257 0,3557
Simple Leverage News Power Power&News Box-Cox Black-Scholes PBS(OLS) PBS(NLS)
Sample $RMSE 1,5540 0,7081 0,7348 0,7135 0,7454 0,6978 1,5656 1,0952 0,6351
Simple Leverage News Power Power&News Box-Cox Black-Scholes PBS(OLS) PBS(NLS)
Mean Weekly $RMSE 1,5295 0,5838 0,5980 0,6104 0,6558 0,5875 1,5429 0,8764 0,5395
DM Test Value 17,2292 1,5564 6,6388 1,9602 0,1746 20,5065 3,8026 -1,6054
P-Value (2-sided) 0,0000 0,1196 0,0000 0,0500 0,8614 0,0000 0,0001 0,1084
Table IX: Fit of Option Prices from Weekly NLS Estimates on Sample B
A. Current Week
B. One Week Ahead
C. Comparing Weekly Predictive Accuracy with the Leverage Model
Notes: On every Wednesday in Sample B, we estimate a new set of GARCH parameters for each model based only on options data from that 
particular day and returns from the past 250 days. We then report the Sample $RMSE for all the current Wednesdays (Current Week) as well 
as the Sample $RMSE for the same Wednesdays using the previous Wednesdays’ GARCH estimates (One Week Ahead). We also report 
Sample $RMSE for three other models: First, the standard Black-Scholes model with volatility estimated using nonlinear least squares 
minimizing $MSE. Second, the Practitioner Black-Scholes, PBS(OLS), from Dumas, Fleming and Whaley (1998), who regress implied 
volatility on a second order polynomial in strike price and time to maturity. Third, PBS(NLS) which estimates the PBS polynomial using 
nonlinear least squares to minimize $MSE. In these three models, the parameters are reestimated weekly as well. In Table IX.C we calculate 
the mean of the weekly $RMSE across the 52 weeks in Sample B. Due to the concavity of the square-root function, the average weekly 
$RMSEs are lower than the Sample $RMSEs calculated over all the 52 weeks. We use the weekly $RMSE sequences to test the significance 
of the difference in fits across models by applying the Diebold-Mariano (1995) test. The DM test is implemented allowing for autocorrelation 
of up to four weeks in the $RMSE difference sequence. We take the Leverage GARCH model to be the benchmark in the pairwise DM tests. 
The DM test has a standard normal distribution and we report the 2-sided P-values.  
Figure I: Stylized Innovation Functions, f(z). Various Models
Notes: The innovation function from each model (solid line) is superimposed on the 
symmetric squared innovation function from the Simple model (dashed line). The 
innovation function conveys the impact on volatility from a particular standard 
normal innovation, which is given on the horizontal axis. 
Figure II: S&P 500 Returns Across Option Sample Period
Notes: The top panel shows the daily log returns on the S&P500 index. The data is shown 
from June 1, 1988 through May 31, 1992. The vertical line delimits Sample A, which 
corresponds to June 1, 1988 through May 31, 1991, from Sample B, which corresponds to
June 1, 1991 through May 31, 1992. The bottom panel shows the daily absolute returns 
on the S&P500 index for the same periods. 
Figure III: Average Implied Volatility of S&P 500 Index Options
Notes: On each Wednesday, we plot the simple average implied Black-Scholes volatility 
across the S&P500 index option contracts observed at the close of trading. The average 
implied volatilities are shown for each Wednesday from June 1, 1988 through May 31, 
1992. The vertical line delimits Sample A, which corresponds to June 1, 1988 through 
May 31, 1991, from Sample B, which corresponds to June 1, 1991 through May 31, 1992.
Figure IV.A: Model Price Less Black-Scholes Price. Various Models
Notes: Each line shows the option price from a particular GARCH model less the Black-Scholes price of the same option. 
Horizontal lines are plotted at zero. The horizontal axis denotes the current price of the underlying asset, and the strike 
price is fixed at 100. The parameters of each GARCH model are set equal to the NLS estimates from Table VI. The initial 
conditional variance in the GARCH model and the volatility in the Black-Scholes model are both set equal to the 
unconditional value implied by the parameters in the GARCH model. The columns of plots correspond to 15, 60 and 180 
days to maturity respectively. Each row of plots corresponds to a particular GARCH model. 
Figure IV.B: Model Price Less Black-Scholes Price. Various Models (cont.)
Notes: Each line shows the option price from a particular GARCH model less the Black-Scholes price of the same option. 
Horizontal lines are plotted at zero. The horizontal axis denotes the current price of the underlying asset, and the strike price is 
fixed at 100. The parameters of each GARCH model are set equal to the NLS estimates from Table VI. The initial conditional 
variance in the GARCH model and the volatility in the Black-Scholes model are both set equal to the unconditional value 
implied by the parameters in the GARCH model. The columns of plots correspond to 15, 60 and 180 days to maturity 
respectively. Each row of plots corresponds to a particular GARCH model. 
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